We consider a class of multi-link mechanical systems arising from the dynamics of multisegmental animal locomotion in a two dimensional plane. As revealed in the earlier paper, when the head link is constrained along a specified direction, the remaining links can be fully controlled by the corresponding joint torques to achieve an autonomous locomotion in natural oscillation. In this paper, we further consider a free motion without the head constraint. An additional degree of freedom representing the motion direction is thus induced, which motives a novel underactuated control approach.
INTRODUCTION
Animal locomotion has drawn interests not only from the biologists but also engineering researchers. It is believed by biologists that animals have evolved to minimize the energy consumption during locomotion. Therefore, biologically inspired human made machines are expected to operate more efficiently. In this paper, we consider a mechanical system mimicking the snake-like locomotion behavior. In particular, snakes in nature exhibit various modes of locomotions such as serpentine, side-winding, concertina and rectilinear. Considerable research effort has been devoted not only to studying the biological mechanism of the aforementioned locomotions by Gray (1946) ; Jayne (1986) , etc, but also to building up artificial snake-like robots to desmonstrate different locomotions by Crespi et al. (2005) ; Hirose and Yamada (2009) among others. One typical methodology for designing robots includes two steps of trajectory planning and trajectory tracking. Specifically, the locomotion movement is broken down into oscillatory trajectories and then PID controllers or biologically inspired controllers are designed to track the planned trajectories. Recently it becomes an interesting topic to study the natural body movement patterns as determined by the body's structure. The idea of exploiting the natural rhythmic patterns has led to many efficient robotic locomotors that are robust against and adaptive to environmental changes (see, e.g., Hatsopoulos (1996) ; Williamson (1998) ; Verdaasdonk et al. (2007) ; Iwasaki and Zheng (2006) ; Futakata and Iwasaki (2008) .) The paper is along this research line to study a class of autonomous locomotion behavior in a natural oscillation pattern.
The system under consideration consists of multiple (n ≥ 2) identical links as depicted in Fig. 1 . The rhythmic oscillation of the links drives the system's motion in a plane equipped with a Cartesian coordinate X-Y. Assume the system's forward motion direction has an angle of σ with respect to the positive X-axis. Then we denote the motion coordinate frame x-y as the frame X-Y rotated by σ. Let θ ∈ R n with θ i being the angle between the i−th link and the negative x-axis. With the following coordinate transform
the vector φ ∈ R n−1 represents the body shape (relative angles between two adjoint links) and ϕ ∈ R the body orientation. In the x-y frame, the coordinate of the center of gravity of the i−th link is denoted as (x i , y i ). Hence, the coordinate of the center of gravity of the whole body is (x c , y c ) with
Moreover, v :=ẋ c and w :=ẏ c are the system's forward (along x−axis) velocity and side (along y−axis) velocity, respectively.
The multi-segmental body's oscillation equations are represented bÿ
where u ∈ R n−1 is generated by the joint torques. The first equation shows how the change in the body shape (φ) results from the interaction with environment (represented by the velocity v with respect to the inertial frame) and the body actuation (represented by the torque vector u applied on the links). In Chen and Iwasaki (2009) , it has been revealed that a natural oscillation can be achieved by a central pattern generators (CPG) motivated controller by adjusting the damping effect by a proper amount. In fact, biological control mechanisms for animal locomotion are known to consist of neuronal circuits, i.e., CPG (see, e.g., Grillner and Dubuc (1988) ). In engineering literature such as Taga et al. (1991) ; Lewis and Bekey (2002) ; Marder and Bucher (2001) ; Yasuhiro et al. (2003) , a CPG can be modeled as a nonlinear oscillator, and when placed in a feedback loop, provides a basic control architecture to achieve coordinated oscillations of engineered systems. In the dynamics (1), the n − 1 dimensional body shape φ is fully controlled by the n − 1 torques applied on the corresponding joints. However, because of the free motion of the system in the X-Y plane, the body orientation (ϕ) is an additional degree of freedom out of the direct control of the joint torques. In a natural locomotion behavior, we expect the body orientation is consistent with its forward velocity. More specifically, in the x-y frame, the forward direction is along the positive x-axis, therefore, the essential component (the average) of ϕ should be regulated at zero. Thus, an underactuated orientation regulation problem arises in this paper.
Accompanied by the rhythmic body movement equations (1) and (2), the system's locomotion dynamics are represented by the other equation
This equation, called a rectifier equation, show how the body shape (φ) and orientation (ϕ) resulting from (1) and (2) are rectified to the forward and side locomotion velocities. For the head constrained system studied in Chen et al. (2010) , the rectifier equation is scalar, but the two dimensional rectifier equation (3) is more complicated. As we assumed before that, in the x-y frame, the forward direction is along the positive xaxis, v is maintained at a desired level while no significant w is generated in (3). In the equations (1) and (2), the velocity v is actually not applied on the system externally, but is generated by the system itself as in (3). In this paper, we will investigate this coupling structure to reveal how a locomotion with a natural oscillation pattern can be generated autonomously for the system composed of (1), (2) and (3). This system is an engineering analogue of various locomotion behaviors of multisegmental animals including snake, leech, octopus, jellyfish, etc.
The remaining sections will be organized as follows. First in Section 2, the system model is fully developed. The main controller design and analysis, in three steps, is introduced in Section 3. The effectiveness of the proposed controller is tested in Section 4 via numerical simulation. The paper is finally concluded in Section 5. In this paper, we define the matrices B ∈ R n×n−1 and F ∈ R n×n as follows:
and two vectors
T whose dimension is from context.
EQUATIONS OF MOTION
The detailed derivation of the equations (1), (2), and (3) is given in this section. Assume each link of the system has mass m, length 2l and moment of inertia ml 2 /3, and each joint has torsional stiffness k. Let τ ∈ R n−1 with τ i being the torque applied at the i th joint. The environmental force on each link is modeled as f n = −µ n v n and f t = −µ t v t , where f n and f t are the force components in the direction tangent and normal to the link, v n and v t are the components, in the respective directions, of the velocity of the link gravity center, and µ n and µ t are proportionality constants (see Sato et al. (2002) ). Then, the quantities in (1), (2) and (3) are defined as follows:
where
The detailed derivation is given below. Throughout the section, we use the following notations:
Applying Newton's second law for the rotational and translational motion of the i-th link about its center of gravity, we have
and
T is the external force from the (i − 1) th link. The frictions (χ ti and χ ni ) on the i-th link in tangent and normal direction are
and the friction torque (f t i ) between the i th link and the slope surface is f t = −µ n l 2θ /3. Since the links are rigid, we have the following geometrical constraint Ex = lAc θ + bx c , Ey = lAs θ + by c which impliesẋ,ẏ,ẍ, andÿ. It is ready to solve Bf x and Bf y from (5). And the linearized model of (4) at [θ,θ] = 0 is
Next, premultiplying e T to (5) and noting e T B = 0, we obtain
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whose bi-linearized model (ignoring the third or higher order terms of (θ,θ)), together with the linearized model of (4), is
We note the matrix B is not a full rank matrix, as a consequence, there lacks one control degree for the n dimensional state θ. To separate the controllable and uncontrollable modes in the θ dynamics, we introduce the coordinate transformation φ = B T θ and ϕ = e T θ/n, (or equivalently, θ = B † φ + eϕ) and hence obtain the equations (1), (2), and (3).
From the above development, we have the following observations on the quantities appeared in the motion equations. The moment of inertia matrix J is symmetric positive definite. The matrix B is not full rank, but the matrix
is and it implies the control coordinate transformation u = B T J −1 Bτ . The damping coefficient is µ = c n . The stiffness matrix M (v) is not necessarily symmetric and given by two components: M (v) = M o + Λv where M o is a constant matrix but Λv resulting from movement varies with the velocity v. Throughout the paper, we assume all the eigenvalues of M (v) are simple and have positive real parts.
CONTROLLER DESIGN AND ANALYSIS
As developed in the previous section, the locomotion system under investigation is composed of the three equations (1), (2) and (3). The major objective is to find an effective controller u such that the closed-loop system can achieve three properties: (i) the multi-link body (φ) displays a natural oscillation; (ii) the body orientation is regulated to match its forward direction, i.e. ϕ is regulated at a zero level; (iii) a desired forward velocity v is generated by the undulatory motion of the body links in natural oscillation while no significant side velocity w is induced. Corresponding to the three properties, the controller design and analysis are divided into three steps in this section.
Entrainment to Natural Oscillation
We will first consider the system (1), and define its natural oscillation in terms of the state φ. Let us revisit the definition of natural oscillation given in Chen and Iwasaki (2009) . Definition 1. Consider the system (1) with the damping effect adjusted by a parameter ∈ R and define the modified system with no input:
If this system has a nonzero characteristic root on the imaginary axis λ = ±jω with associated mode shape z for a specific value := ρ, then the corresponding natural motion of (6) is called a natural oscillation (ω, z) of the original system (1) with damping factor ρ, where ω and z are referred to as the natural frequency and mode shape of the natural oscillation.
The natural oscillation can be explicitly calculated using the following lemma given in Chen and Iwasaki (2009) . Lemma 1. Consider the system in (1). Let ω, ρ ∈ R and z ∈ C n−1 be given. Then, (ω, z) is a natural oscillation of (1) with damping factor ρ if and only if (ω, z, ρ) ∈ N where
and M is the set of eigenvalue/eigenvector/left eigenvector triples of M :
The superscript * is the conjugate transpose operator.
Let be the smallest damping factor to which there corresponds a natural oscillation:
Suppose the minimizer is unique. We focus on the natural oscillation with the smallest damping factor , and will refer to it simply as the natural oscillation. The main task is to design a feedback controller for the following natural entrainment problem.
Natural Entrainment Problem:
Consider the system (1). Let the orbit of the natural oscillation (ω, z) be defined by
A controller is said to achieve exact entrainment to the natural oscillation (ω, z) if the following property holds: When the initial condition (φ(0),φ(0)) is sufficiently close to the orbit O, i.e., when min (ϑo,θo)∈O φ(0) − ϑ o + φ (0) −θ o is sufficiently small, the trajectory of the closed-loop system φ(t) converges to the orbit O, i.e., there exists t o , dependent upon the initial condition, such that lim t→∞ φ(t) − ϑ(t + t o ) = 0.
Inspired by the CPG control mechanism in animal locomotion, some nonlinear controllers have been constructed for the problem of entrainment to natural oscillation. In particular, an exact controller is cited from Zhu et al. (2010) as follows. Theorem 2. Consider the system (1). Let (ω, z) be the natural oscillation with damping factor as described in Lemma 1. Let ∈ R be such that < , and let κ(x) be a function that is continuously differentiable, strictly decreasing, and positive on x > 0. Then, the controller
achieves the exact entrainment to the natural oscillation (ω, z), where
Orientation Regulation
It has been shown in Theorem 2 that the controller u = u e (φ) has been designed to achieve the entrainment to the natural oscillation. However, the undulatory body motion in natural oscillation does not automatically guarantee that the body orientation is always as expected. It motives us to design an extra controller for orientation regulation.
We design a new controller u = u e (φ) + eu o where the entrainment controller u e is given in Theorem 2 and the additional controller u o ∈ R is a slowly time varying external input to be designed later.
Since u o slowly varies with time, we havë φ + µφ + Mφ = u e (φ) and hence by Theorem 2
When the natural oscillation is fully achieved, i.e., φ(t) = ϑ(t+ t o ) + M −1 eu o , the equation (2) reduces tö
is a periodic signal with the period T = 2π/ω and r := q T e − p T M −1 e is a constant. Lemma 3. Consider the system (9). Letφ be a periodic signal governed byφ + µφ = s(t) and its average over one period is 0, i.e.
τ +T τφ (t)dt = 0, ∀τ . Then, we have
where κ ∈ R is such that x 2 + µx + κ is a stable polynomial.
Proof. Letφ = ϕ −φ. We havë
which is a stable system with the asymptotic property
It, together with τ +T τφ (t)dt = 0, implies (10). Remark 1. In Lemma 3, a controller is designed such that the body orientation satisfies the property (10). In other words, the body orientation is essentially regulated to match x−axis, the forward direction. More specifically, the asymptotic value of ϕ(t) is theφ(t) defined in Lemma 3, called a proper orientation. However, the controller u o = −(κ/r)φ depends on the stateφ which is not practically measurable. Nevertheless, we note thatφ is a periodic signal averaging at zero and regarded as the AC component of ϕ, whileφ is essentially the DC component of ϕ. Therefore, the controller u o can be practically designed as u o = −(κ/r)φ whereφ is the response of a low pass filter to the input ϕ, i.e., βφ +φ = ϕ for a time constant β > 0.
Locomotion Control
Now, a body shape in natural oscillation and a proper body orientation have been achieved by an entrainment controller inspired by the biological CPG structure and a low pass filter based regulator. In the formulation of natural oscillation and the control design procedure, the velocity v of the center of gravity is assumed to be externally imposed. Actually, a more interesting question of the locomotion system is that the introduced natural oscillation in turn generates the velocity v. Next, we will analyze how the forward velocity v and the side velocity w are induced by the body oscillation. An assumption is first imposed to facilitate the analysis: Assumption 1. The feedback controller has been designed for (1) and (2) such that, when the velocity v slowly varies in the neighborhood of v o , the trajectory of the closed-loop system closely tracks the natural oscillation associated with v and the proper body orientation is closely achieved.
Under Assumption 1, for a natural oscillation (ω, z), depending on the velocity v, when the velocity v slowly varies, we can assume φ(t) = (ze jωt ) andφ(t) = (jωze jωt ). As a result, the proper body orientation
with c 1 ∈ C can be solved from
Here, we use z o := z/ z with z o = 1 which is the normalized eigenvector representing the oscillation phases and relative amplitudes.
Direct calculation shows that
where |z| is the column vector with entries |z i |, and
As a result, we have the decomposition
The quantities, such as ω, z o , andQ in the above development, depend on the velocity v, and will be explicitly expressed as ω(v), z o (v), andQ(v) when the dependence is important.
Clearly, for a given v,Φ(v) andξ(v) are two constants, but Φ(v, t) andξ(v, t) are sinusoidal-like time varying functions. With the decomposition of the functions Φ and ξ, we can decompose the velocity v =v +ṽ and w =w +w in a corresponding manner. In particular, let [v,w] T be governed by the following dynamics:
We call [v,w] T and [ṽ,w] T the average velocity and ripple, respectively. Now, it is ready to reach some conclusion based on the dynamics (11) for the average velocity. The ripple will be analyzed later. Since we have c n c t in general, we will consider the case with c t = 0. Theorem 4. Consider the system (11) with c t = 0. The average velocityw locally asymptotically converges tow = 0. Moreover, the average velocityv locally asymptotically converges tō
Proof. The equilibrium point of (11) isw = 0 andv = v o for some constant v o . It is obvious to see the average velocityw locally asymptotically converges tow = 0 But for the average velocityv, we note that v o is the solution to the equation
which is obviously independent of z . Then, we have
The equation regardingv in (11) can be approximated as follows, at the neighborhood ofv
which is asymptotically stable if (12) is satisfied, or α (v o ) < 1.
For a given velocity v, the oscillating states φ and ϕ governed by (1) and (2) hence generate an asymptotic output velocity v . We denote this mapping as v = α z (v) which depends on the natural oscillation magnitude z . In Theorem 4, the average value of v is given asv = α(v). When the ripple termṽ is small, we have v =v +ṽ = α z (v) ≈ α(v). The approximation can be seen in Fig. 2 , in particular, when z is small. Next, we will briefly justify the fact that the magnitudes of the ripplesṽ andw are small. In particular, we havė
The right hand side terms in the above equations can be essentially regarded as an oscillating signals without significant DC component. The signalsw andṽ are the outputs through a low pass filter. As a result, their magnitudes are expected to be small. More specifically, the ripple of v, at the neighborhood of v =v = v 0 , can be approximated aṡ
The right hand side terms in the above equation can be essentially regarded as an oscillating signals and do not change with z , while the left hand size plays the role of low pass filter, i.e., f (s) = 1/[s/ z + (v 0 )/ z ], whose output isṽ. The gain of the low pass filter is |f (s)| and obviously |f (s)| → 0 as z → 0, where we note that (v 0 )/ z is a constant. It implies that the ripple of v is small if the amplitude of natural oscillation is small.
NUMERICAL SIMULATION
Consider an n = 5 link system with the total length 2nl = 0.5m and the total mass nm = 0.2kg. The friction coefficients are µ t = 0 and µ n = 1.0Ns/m, and each joint has stiffness k = 1.25 × 10 −3 Nm/rad. In Fig. 2 , a desired velocity v o = 0.40m/s is solved from a(v o ) = v o . With the entrainment controller designed in the previous section, the a z (v) curves are also plotted for different z . In particular, when z is small, the curve is close to a(v). In the next simulation, we take z = 0.6, and a more precise desired velocity v o = 0.37m/s is obtained from a 0.6 (v o ) = v o . With v o = 0.37m/s, we designed the controller and run the simulation with the following results.
First, the natural oscillation (period T = 2π/ω, phases γ, and amplitudes |z|) is listed in Table 1 (γ 4 = 0
• is assumed as the reference phase). The corresponding oscillation profiles from the simulation are also listed in the same table which reasonably match the predicted values. The oscillation signals (φ) are plotted in Fig. 3 . Fig. 4 , the desired forward velocity v = 0.37m/s is effectively achieved whereas the average value of side velocity is w =0m/s. In other words, the system mainly moves forward. The motion snapshots are taken in Fig. 5 for one period. In the simulation, we start with σ = 0 • and at t = 50s rotate the x-y frame by 5
• for every 5s until σ = 30
• at t = 75s. It shows in the top graph of Fig. 4 that the body orientation consistently changes with the rotation of x-y frame. It shows that in the X-Y frame, the system moves forward along the X−axis and then it turns left by 30
• and continues to move forward. The motion trajectory is plotted in Fig. 6 .
CONCLUSION
We have derived the motion equations for a class of mechanical systems, which are the engineering analogue of various locomotion behaviors of multi-segmental animals. The system under consideration is underactuated when the orientation of the system is out of direct control. Therefore, a new control scheme composed of a biologically inspired entrainment controller and a low pass filter based regulator has been proposed in this paper to generate an autonomous stable locomotion in a two dimensional space. 
